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REGIONS OF EFFECTIVE APPLICATION OF THE METHODS
OF THREE-DIMENSIONAL AND TWO-DIMENSIONAL

ANALYSIS OF TRANSIENT STRESS WAVES IN SHELLS
AND PLATES*

U.NIGULt

Institute of Cybernetics. Academy of Sciences. of the Estonian S.S.R .. Tallinn. U.S.S.R.

Abstract--Transient stress waves caused by inputs (applied load. constrained displacements or constrained
velocities) acting or increasing to their maximum values during a short time interval are investigated in shells of
revolutlon and in plates within the framework of the linear theory of elasticity. The conclusions on space-time
regions of valid and effective application of approximate methods of integration of the equations of the theory
of elasticity. approximate equations. and methods of integration of approximate equations are presented.

INTRODUCTION

ACCORDING to the theory of elasticity the boundary regions where the input takes place
are considered as sources of initial elementary waves. Reflection of these initial elementary
dilatational, shear and head waves from the lateral surfaces of the shell or plate gives rise
to a complicated system of reflected elementary waves. The number of reflected elementary
waves grows rapidly in the course of time. Therefore, the idea of separate complete de­
scription of all these elementary waves practically fails and two groups of approximate
methods have been developed. First, methods of investigation of the elementary wave
fronts. Second, methods of application of several averaging procedures which do not pay
attention to any discontinuities or take into consideration only the main discontinuities.
To the second group belong all the methods of application of the two-dimensional shell
and plate theories.

Recent surveys of the literature on transient stress waves in shells and plates are given
in [1,2], which contain lengthy reference lists.

In the present paper an extension of the results reported previously for plates in [3-6]
and for shells in [7-10] is given. The axially symmetric transient stress waves in shells of
revolution having no singular points as well as the cylindrical and plane transient stress
waves in plates are considered. For inputs of several types and time-dependence the results
of combined application of several methods of both the groups mentioned above are
presented with pointing out the space-time regions of valid and effective application of the
methods of integration of the equations of the theory of elasticity, approximate equations,
and methods of integration of approximate equations.

* Presented at the 12th International Congress of Applied Mechanics, Stanford. California. August 1968.
t Senior Research Fellow.
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(I)

(2)

(6)

EQUATIONS

Let ~, Yf be the coordinates on the middle-plane, and let z be the coordinate normal to
the middle-plane. Denote by A, B Lame parameters related to coordinates ~, Yf, by R 1, R z
the radii of curvature of the middle-plane, by I the time, by £ the bulk modulus, by \'
Poisson's ratio, by 2h the thickness of the shell of plate, by C 1 , Cz velocities of the dilatational
and shear waves in the theory of elasticity, by CR the velocity of Rayleigh surface waves,
by Uj (i = 1,2,3) the displacements in ~, Yf and z-directions, and by a0 (i,j = I, 2, 3) the
stresses.

[n what follows, the transient stress waves dependent on I, ~, z will be considered in
problems, in which Uz = 0, a!z =1= 0, afz = at, = O.

According to the linear theory of elasticity the governing equations are

I a{ I [ (" (" ]}d~ ~ --- -(HZUI)+~(HIHzU3)
HI a~ H1H z a~ az

I a{H [a D]} (~z+d- ~ _.2 ~(HIUtl-~-;;U3 -~-Ul = 0,
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z

-d HIHz iJ~ Ii; a/Hlutl-2-~u3 -alzU3 = 0,

where
HI = A(1 + z/R tl, Hz = B(1 +z/R z).

Further we shall use the dimensionless quantities

( = z/h, r = czl/h, (3)

U = ut/h, w = U3/h, aij = a0(1 +1')/£, (4)

ko = CZ/CI, kR = ('R/CZ, k" = [(I-I')/2J1, r* = Ilk" (5)

We shall also suppose that ~ is a dimensionless coordinate chosen in such a way that A = h.
Then the equations (1) may be rewritten in the form
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where

H t = h(1 +(hjR d,

(I = (1 + (hjRI)Rt/h,

In what follows, we shall use the assumptions

Hz = B(1 + (hjR z),

(z = (1 + (hjRz)Rzjh.

(7)

(8)

(9)

j
aR'jae

l
::; h,

IRjl ;::: Ro,

(j= 1,2),

Ro ~ h, (j = 1,2).

(10)

(11 )

(12)

Then, an approximate discontinuity analysis may be carried out by using the equations

azu au 1 aB azu z azu z azw z
ae + ae Ii ae +a(z ko - ar z ko+aea((1- ko)

aUkZ(~ ~) aW[(1+k6)h (l-k6)hj = 0
+ a( 0 R I+ R z + ae R I + Rz '

azw kZ aw .zl aB azw azw kZ azu 1 kZ
aez 0 + ae kOIi ae + ae - arz 0 +aea(( - 0)

au z 1 aB aw( h h) CU z h+-(I-ko)- -+~ -+- --(I +ko)- = 0,
ae B ae Os R I R z ce R 1

in which only the first and second derivates are taken into consideration and error in the
coefficients is of the magnitude hjRo.

In both equations (12) only the small coefficients of the last two terms are dependent
on R I' R z . Therefore, the amplitudes of the main discontinuities are almost independent
on RI,R z .

According to Timoshenko-type theory in problems considered

u(e, (; r) = U(e, r) + (ljJ(e, r),

and the stress-state is described by

w(e, (; r) = W(e, r), (13)

f
+l

Tll = -I 0'11(1 + (hjR z)d(,

f
+1

M ll = -I (O'II(I+(hjR z)d(,

f
+1

T22 = _IO'zz(1+(hjR d d(,

f
+1

M zz = -I (O'zz(I+(hjRdd(,

Qz = o.

Tlz = T21 = 0, (14)

M lz = M ZI = 0,
(15)

(16)

In this theory we shall denote by k T the "shear correction coefficient"; in our investigation
we take k T = kR .

As far as the terms with small coefficients hjR I , hjRz are concerned, the equations of
Timoshenko-type theory, derived by different authors are different. In problems considered
in this paper it was found sufficient to use the following equations of Timoshenko-type
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theory

where
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(i = 1,2,3), (17)

(18)

(19)

(20)

According to the Timoshenko-type theory, the axially symmetric motions in shells of
revolution are described by the sixth order system (17) of the hyperbolic type and three
different waves propagate along the ~-coordinate. Two of these waves propagate with the
velocity cz/k", but the third with the velocity cZkT , whose numerical value depends on the
choice of the "shear correction coefficient" kT . For plates R I = Rz = 00 and the system (17)
splits into a single equation for U

PU = 0 (21 )

(22)

and into a system of two equations for t/J, W

Lzzif; +LZ3 W = 0,

L32 t/J+L 33 W= O.

Typical special cases are plane waves B = const and cylindrical waves B = ~. In these
cases (21) is, in fact, the equation of motion in elementary theory of symmetric deformation
of plates.

From Timoshenko-type theory with the aid of well known additional assumptions the
Kirchhoff-Love theory and membrane theory may be derived. The system of equations of
the Kirchhoff-Love theory of shells is of the parabolic type and the disturbances formally
propagate with infinite velocity. According to the membrane theory of shells, in axisym­
metric problems there is only one wave that propagates with the velocity cz/k". According
to the elementary theory of rods, there is also one wave. However, this wave propagates
with a smaller velocity cz(2 +2v)t.

CLASSIFICATION OF STRESS-STATES AND METHODS OF
INTEGRAnON

Let the dot denote a derivate with respect to r and the prime denote a derivate with
respect to ~.
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We shall assume that the following groups of quantities will be investigated:

1. u, W,

(23)

We also assume that within these groups of main interest are the quantities having the
greatest amplitudes.

Taking into consideration these restrictions we shall introduce the following classifica­
tion of the stress-states:

Stress-state I: wave-type stress-state, which may be described by the theory of elasticity
but not by approximate theories, and in which at least one of the quantities (23) has the
amplitudes being of the same order of magnitude as the maximum amplitude of the quanti­
ties of its group,

Stress-state II: stress-state, which may be described by Timoshenko-type theory or by
less complicated approximate theories,

Stress-states III: stress-state, which may be described by the theory of elasticity but not
by approximate theories, and in which no one of the quantities (23) has the amplitudes
being of the same order of magnitude as the maximum amplitude of the quantities of its
group,

Stress-state IV: quasi-static Saint-Venant boundary effects.
We shall deal mainly with the problems of existence and investigation of the stress­

states I, II.
The methods of investigation of the axially symmetric transient stress waves in rota­

tionally symmetric shells as well as axially symmetric and plane stress waves in plates are
shown in Fig. 1. Refering to the survey [1], very short comments will be submitted here.

Methods 1-7 may be applied to investigate stress-state I; methods 8-16 we shall
consider as methods elaborated for description stress-state II.

The methods 1 and 2 are the main methods of investigation of the elementary waves
initiated by sharp inputs. They have been widely used in problems of the theory ofelasticity
taking their origin from theoretical seismology and are well elaborated for plates in [11-19]
(see also the surveys [1, 20J). On the level of the approximate equations (12) these methods
may be extended without great additional complication also to axially symmetric problems
for cylindrical and spherical shells. However, at r > 1 the methods 1 and 2 are mainly
effective only for discontinuity analysis (method 2, also for the analysis at discrete points
under the load). Since the number of elementary wave fronts grows rapidly in the course of
time, the space-time regions of effective application of methods I and 2 are, of course,
limited. At the beginning of the process a rather complete description of displacements,
their first derivates and stresses is obtained by the three-dimensional meshes method 5
proposed by the author in [IJ. According to this method only the main discontinuities are
taken into consideration. In axially symmetric problems for arbitrary rotationally sym­
metric shells the evolution of these main discontinuities is rather easily established analy­
tically on the basis of equations (12) with an error of the magnitude hiRo ; in some special
cases the exact formulae may be obtained. Some examples of application of this method
of three-dimensional meshes are published in [4,7-9]. Another variety of the method of
discrete three-dimensional meshes was recently used in bars problems in [21].
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Double integral I. Roy method
L-...;.t""ro;.;.n:.:;sf""o;.:..r::;rn5"----JI"'::::-------__ 2. EKpondin9 double transforms

in series of terms, each
term representinll after
approKimate inversion (by
Cagniord's methOd or saddle
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main discontinuities.

6. Fourier method.
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Numerical inversion.
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of rods
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Membrane theory
of shells

1-. / Elementary theory of
edension of plates

Approximate
Iheories of
parabolic

type

FIG. I. Methods of integration.

The amount of computation grows by the method 5 in proportion with ,2. Therefore,
at greater values of time it is important to establish the regions of valid application of the
other methods shown in Fig. 1. These regions, dependent on input type and time-depen­
dence, will be described in the next section. Here we shall only refer to the literature concern­
ing the methods 3,4, 6 and 7.

For rods, bars, and plates several varieties of method 3 were elaborated in [3, 22-31] ;
to cylindrical shells this method was applied in [9, 32]. Method 4 was proposed for plates
in [4]. Method 6 was elaborated in [33, 34] for spherical shells in water. Method 7 with
expansion along ~ was exploited in [35] in analysis of transient stress waves in spherical and
cylindrical shells. Method 7 with expansion along' was used for bars in [36]. The references
concerning the development of the methods 8-16 are given in surveys [1,2].
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RESULTS

We shall now submit the results of combined application of the methods shown in Fig. I
in axially symmetric problems for rotationally symmetric shells as well as in axially sym­
metric and plane problems for plates. The zero initial conditions will be assumed. The
transient stress waves initiated by inputs given in the cross section ~ = 0 in the form of
boundary conditions shown in Table I will be considered. Some generalizations will be
given at the end of paper. Without restriction of the generality only the stress waves pro­
pagating into the positive direction of the ~-axis will be considered, since the choice of this
positive direction is arbitrary. As far as the wave-type solutions obtained by methods 1-13
are concerned, the reflection of the stress waves from the other boundary ~ = ~o will not
be discussed here.

According to the Table 1 the input time-dependence is defined either through goer) or
through gl(r). If the displacements are given at ~ = 0 through go(r) then we shall denote

ga(r) = gl(r). (24)

Working within the framework of the linear theory of elasticity, it is required that
go(r) is continuous; gl(r) may have finite discontinuities but it is required that Igdr)1 ~ 1.

Now we shall define A through the formula

A(r) = Ig·l(r)1 (25)
maxlgl(r)lo:;;,:;;",

In Table 2 and in explanatory Figs. 2-4 for the four cases of input time-dependence the
existence of stress-states I and II, as well as the methods of their investigation are shown.
Some comments to this table and to these Figs. will follow.

Case I

The stress-state I does not exist and of the greatest interest is the stress-state II. The
latter is rather slowly varying along ~ and r; maximum amplitudes appear not earlier than
at r ~ ro, ro ~ I, when the disturbed region 0 :S: ~ :S: ~* is large in the sense ~* ~ I or
covers the whole middle-plane 0 :S: ~ :S: ~o if ro > ko~o. Therefore, in application it is usually
quite satisfactory to construct the nonwave solution by methods 14-16, which continue to
be effective also at r > ko~o (after reflection of the stress-waves from the boundary ~ = ~o).

Case 2 *
In some sense this case is similar to the Case I, but the dominating stress-state II varies

along ~ and r more quickly now; maximum amplitudes of the second and third groups of
quantities (23) may appear already at rather small values of time r ~ ro, ro <: 1. In general,
the stress-state II is satisfactorily approximated by wave-type solutions, obtained by
methods 8-13 on the basis of the Timoshenko type theory. This theory may be replaced
by simpler theories in the same space-time regions as in Case 3.

Case 3

It is the most complicated case and we shall consider the Case 3 separately for inputs
L T, LM, and N W Its limiting case ro = 0 should be understood in the following way:

gdr) = CH(r),

where H(r) denotes Heaviside unit function.

C = const. (26)

* Here and further a ::S b means that a is less but not much less than h.



Symbol of
the input in theory of elasticity

TABLE 1

Boundary conditions

in approximate theories

0'

-I'-

u = (gO(T) or
U, u' or IT II = (g,(T)

U = 0 or
ITII = 0

LT

LM

NW

u = golr)
U', u' or

or
IT'I = gdr)

2

W = 0 or
1T 1 3 = 0

W = 0 or
1T13 = 0

w = gO(T) or
W' = gl(T)

U = go(r)
U, U' or

U = 0 or
Til = 0

U = 0 or
Til = 0

or
Til = gl(T)

ljJ = 0 or
Mil = 0

if; = golT) or
ljJ,if;' or M

"
= K,(r)

if; = 0 or
MIl=O

3

W = 0 or
Q, = 0

W = 0 or
Q, = 0

W = golT) or
W = gl(T)

c
z
is
c,...
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TABLE 2

Case

1.

2.

3.

4.

Time-dependence of the input

A~ I at O::s; T ::s; To

TO ~ I
A;51 at O::s; T ::s; TO

A=O at T> To

To ~ I
;, ~ I at O::s; T ::s; TO

A=O at T > TO

O::s; To ~ I

A~I at o ::s; T :S TO

gl(T) = 0 at T> To

To ~ I

Dominating stress-states and
methods of investigation of them

Stress-state II; non-wave solutions by
methods 14-16.
Stress-state II; wave solutions by
methods 8-13.

Stress-states I and II in the regions
shown for inputs LT, LM, NW in
Figs. 2-4; stress-state I by methods
1-5, 7, and stress-state II by methods
8-13.
Stress-state I in the same regions as
in the case 3; methods 1-3.

Dealing with the Case 3 we shall, for generality, assume that [B(O)/B(~)]twill not, with
growth of ~, become very small in comparison with unity, since otherwise the stress-state I
will vanish and the Case 3 will be at great values of T similar to the Case 2.

Input LT. Let us consider in the first place axisymmetric transient stress waves in
rotationally symmetric shells. In explanations of Fig. 2 the following nomenclature will be
used: I-theory of elasticity; 2-Timoshenko-type theory; 3-membrane theory; 4-­
boundary effects in the sense ofshell theory; 5-stress-state III; 6-Timoshenko-type theory
for U only: A, C and F-zones of the stress-state I, E-zone of existence of the stress­
state IV.

In the zone F the methods 1 and 2 are effective for revealing elementary wave fronts and
discontinuities on them. A first-order approximation of discontinuities may be obtained
on the basis of equations (12). According to these equations the main discontinuity moves
with velocity eland is carried away by u. At the main discontinuity a first order approxima­
tion of u is obtained from the equation

u" +u'B'/B +k602u/O(2 -u" = 0, (27)

whose solution is almost in proportion with [B(O)/B(~)]t. A rather complete description of
the quantities (23) is obtained by method 5. An example of its application is given in Ap­
pendix 1. Similarly to the well known results for plates in this and in other examples for
shells, next to the main discon~inuityby their power and amplitude are the discontinuities
on the two or three head-wave fronts behind the main front. On the lateral surfaces these
fronts appear at points situated at T/ko- ~ ~ jT*/ko (j = 1,2,3).

It is an interesting problem for further investigations to establish, whether variational
method described in [37] is effective in zone F.

Already at T ~ 5 -;- 10T* the stress-state I is localized in narrow zones A and C. Con­
sequently, the other methods are more effective at T > 5 -;- 10T*: in zone A-methods 1
and 4, in zone C-method 3, behind zone C-Timoshenko-type theory (as far as U is
concerned this theory may be applied also in region 6). But there exist possibilities for
further simplifications in the regions, where Timoshenko-type theory is applicable.
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FIG. 2. Input L T with time-dependence according to Case 3: I theory of elasticity, 2-Timoshenko­
type theory, J-membrane theory, 4--boundary effects, 5-stress-state III, 6-Timoshenko-type
theory for U only: A, C and F -zones of the stress-state I, E-zone of existence of the stress-state IV.

At small r the contribution of ljJ and W to the first equation of system (17) of the Timo­
shenko-type theory is very small and, therefore, a good approximation of U is obtained
from equation (21). If B is a slowly variable function then according to equation (21)

where U 0 is the solution of the equation

I-v
U~----U~ = 0

2

(28)

(29)

Therefore, in the Timoshenko-type theory at the beginning of the process U is different in
several LT-type shell and plate problems only with respect to [B(O)jB(~)J1. Since Wis very
small in comparison with U, Wmay also be neglected in the formulae for Til and T22 ·

Some numerical results supporting these conclusions are published in [8J for cylindrical
shells and in [38J for toroidal, conical and cylindrical shells.

For thick shells a similar situation also exists at r ~ I, but then far behind of its front
r = ~/(2 +2v)t better approximation is obtained with the aid of the elementary theory of
rods with variable cross-section (see Fig. I).
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For thin shells Wgrows in time (in comparison with V) rather quickly, and, therefore,
the approximate methods described above are not valid at T ~ 1. However, at T > d,
where d denotes the width of the zone of the boundary effects in shell theory (see Fig. 2),
another simplification works well: the solution by Timoshenko-type theory may be re­
placed by membrane solution and dynamic boundary effects. The latter conclusion was
established already in 1961 in the paper [39].

The information submitted above may be used to choose a suitable system offunctions
for effective application of the method 7.

In plates the input LTinitiates only a symmetric (over the middle-plane) state of stress
and the situation at T > 5 -;.- lOT * is different behind the zone C, since now the equation (21)
is applicable there.

Input LM. In explanations of the Fig. 3 with following nomenclature will be used:
I-theory of elasticity, 2-Timoshenko-type theory, 3-Kirchhoff~Love theory of shells
or elementary bending theory for plates, 4-stress-state III, 5-Timoshenko-type theory
for W only: A, D and F-zones of the stress-state I, E-zone of existence of the stress­
state IV.

As far as the problem of choice of methods is concerned the situation in the zones A
and F is quite similar to that in the case of input LT. At T > 5 -;.- IOT* behind the zone A

k _j I-v,,- -2-

jl-2V
k = --o 2-2v

~
~ ' ... = Ilk"
·1·
ll)

5-'- IO,*/ko e·~/I

2 3 4 5

III1II1IIIII -

,=~
II

FIG. 3. Input LM with time-dependence according to Case 3: I-theory of elasticity, 2-Timoshenko­
type theory, 3-Kirchhoff-Love theory of shells or elementary bending theory for plates, 4--stress-state
II I, 5-Timoshenko-type theory for W only; A, D and F-zones of the stress-state I, E-zone ofexistence

of the stress-state IV.
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exists a rather large region of small-amplitude oscillations (stress-state III). However, in
this region at any r = const far behind the front r = ko~ the amplitudes begin to grow
again. Already at r "-' 0·8 -;- 0'9~ some of the quantities of the second and third groups (23)
may have amplitudes being in the same order of magnitude as their maximum amplitudes,
that is, zone D of the stress-state I appears, in which method 3 is the main tool of investiga­
tion. Except for a rough approximation for W in region 5, Timoshenko-type theory of shells
and plates gives satisfactory results in regions 2 and 3. However, in region 3 this theory
may be replaced by the Kirchhoff-Love theory in shell problems and by elementary bending
theory in plate problems.

At the beginning of motion of shells the contribution of U to the second and third
equations (17) is negligible. Consequently, equations (22) may be used not only in plate
problems but also in shell problems. According to equations (22) the difference between
plates and several shells appears only through B. Therefore, the well-known results for
plane (B = const) and cylindrical (B = ~) transient bending waves in plates (see [1,4, 5J)
predict the character of shell motions at the beginning of the process. For example, the
cylindrical shell behaves itself like a plate in plane strain and axisymmetric deformation of
shallow shells is similar to axisymmetric deformation of plates. With growth of r the
influence of R 1 , R z , U becomes more essential. However, in shells the boundary effects
(in the sense of shell-theory) are dominant in region 3. At r ~ 1 in this region the solution
may be constructed as the sum of membrane stress-state and boundary effects.

An example is given in Appendix 2.
Input NW. In explanations Fig. 4 will be used, in which the nomenclature, as far as the

numbers from 1 to 5 and zones F and E are concerned, is the same as in Fig. 3. The main
difference between the stress-states caused by inputs NWand LM is connected with the
fact, that now the main discontinuity propagates with velocity Cz and is carried away by w.
A first-order approximation of discontinuities may be again obtained on the basis of
approximate equations (12). However, the evolution of the main discontinuity as well as
the evolution of the most essential discontinuities on the elementary wave fronts near to the
main front, is roughly described by equation

w" +w'B'IB + cZwlc(z - W = 0, (30)

whose solution is almost in proportion with [B(O)/B(~)Jt. Since the main discontinuity
moves with the velocity Cz, ahead of zone B, only the stress-state III exists. In zone B
mainly methods 1, 3, and 4 should be applied. In zone D method 3 is effective. The regions
of effective application of the approximate theories are similar to those in the case of
input LM.

Case 4
Displacements u and ware small. Therefore, of main interest are the second and third

group of quantities (23). Except in the zone F and Saint-Venant boundary effects in the
zone E, most essential amplitudes of these quantities occur in zones A and C if the input
LTis applied, in zone A if the input LM is applied, and in zone B if the input NWis applied.
Since the essential amplitudes are mainly connected with elementary wave fronts, the
methods 1 and 2 are, in general, the most effective tools of investigation. However, at
r ~ 1 the asymptotic method 3 should be applied in the zone C if the input L Tis applied.
At the beginning of the process methods 5 and 7 are also valid. The approximate theories
are not applicable.
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FIG. 4. Input NW with time-dependence according to Case 3: I--theory of elasticity, 2·-Timoshenko­
type theory, 3-Kirchhoff-Love theory of shells or elementary bending theory for plates, 4--stress-state
III, 5-Timoshenko-type theory for W only; B, D and F-zones of the stress-state I, E-zone ofexistence

of the stress-state IV.

Additional remarks

Method 6 does not occur in Table 2 and in our discussion. This method is not effective
in any space-time region if the input is applied in a cross section.

We shall discuss now the choice of methods for obtaining wave-type solutions within
Timoshenko-type theory. In early papers (see survey [1]) devoted to plate problems, several
direct methods 10 were exploited for inversion of the integral transforms. Since in shell
problems the number of singularities is great, the extension of these methods to shell
problems is not effective. At the beginning of the process of axially-symmetric motion of
shells, methods 13 have been most successfully used. For example, the method of discrete
meshes taking into consideration the discontinuities revealed by method 9 was proposed
in [1,4, 5J for plates and afterwards applied effectively in several shell problems [8-10,
38]. The discontinuity analysis carried out in [40J should also be mentioned in connection
with this method. The method of characteristics is also quite effective, and was applied in
[41J in some problems for cylindrical shells. In plate problems method 12 has been suc­
cessfully used by several authors (see [1, 36J). By all these methods the amount of computa­
tions grows rapidly with the time interval being investigated (almost in proportion with ,2).
Therefore, at , ~ 1 methods 8 and 9 are more effective (in some examples method 8 was
found applicable at , ;;::: 10 ...;- 40). Almost the same holds for other approximate theories.
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CONCLUSIONS AND GENERALIZATIONS

1. The results of investigation of transient stress waves caused by inputs L T, LM, and
N J.v, being in the thickness of shell or plate in non-equilibrium and varying slowly over the
thickness, are typical for such kind of inputs and may be extended also to other cases.
The main conclusion is, that in cases of input time-dependence satisfying the condition

(31)

a satisfactory approximation of the whole process is obtained on the basis of approximate
theories, and, in the contrary, in cases A ~ I, as a rule space-time regions appear, where
application of the equations ofthe theory ofelasticity is necessary. At r ~ 1the latter regions
become narrow.

2. If the input is in self-equilibrium in cross section, then in cases (31) Saint-Venant
effects are the dominating stress-state, but in cases ). ~ 1 rather big amplitudes of the first
derivates and au may appear in narrow near-front zones, in which the approximate theories
do not work.

3. Consider now on the lateral surfaces 0 S;; ~ S;; ~o, , = ± I a normal load (a33)

distribution or normal velocity (W") distribution given by function G(~). Let us define I' by
formula

r(~) = __~IG'(~)I __
maxIG(~)lo <;~ <;~o

If now the condition (31) as well as the condition

1'(0 ;S I

(32)

(33)

are satisfied, then Timoshenko-type theory gives a good approximation for the whole
process in axially symmetric shell problems and in bending problems for plates. If the
conditions (31), (33) are satisfied in a very strong sense (A <€ 1, I' <€ 1) and membrane theory
works well in the similar static problem, then it gives a good approximation also in dynamic
problem.

However, violation of conditions (31) at a discrete value of r and violation of condition
(33) only at a discrete value of ~ lead to appearance ofdifferent regions, where Timoshenko­
type theory does not give a valid approximation. In the former case these regions appear
as zones at the main front (see Figs. 2-4), but in the latter case as a zone of Saint-Venant
effect at the point where the condition (33) is not satisfied.

If conditions (31) and (33) are satisfied but the shell is not thin in the sense of our basic
condition (11), then the method 6 is a rather effective tool of investigation.

The conclusions given here might be extended also to the problems of analysis of
reflected waves from elastic shells in an acoustic medium. For this purpose, the conditions
given above must be applied to the initial pressure wave.

In an ideal acoustic medium the distribution and time-dependence of velocities are
coupled, since they are determined through a linear second-order wave-equation by the
boundary condition at the radiation source. Therefore, the function gdr) as velocity time­
dependence at the radiation source must now be restricted to make the approximate shell­
theories applicable for the description of the whole process. Let us define A(r) again by (25).
Then Timoshenko-type theory gives a good approximation, if A(r) ;S 1, provided the shell
satisfies the conditions(9HIl).In [33, 34J on the basis ofequations of the theory ofelasticity
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by Fourier's method 6 the numerical data for reflected waves from spherical shells
(R 1 = R 2 = Ro) in water were obtained assuming that gt('r) = sin wr in the time interval
o < r < ro and ro ~ 11w. According to our conclusion a good approximation of these
solutions may be obtained by many times smaller amount of computation work when a
similar version of Fourier's method 15 is used on the basis of Timoshenko-type theory in
problems characterized by hlRo ~ 1 and w = ), $ 1. The asymptotic error of membrane
theory in these problems has two estimations, namely VI hlR o and V2 Row 2 /h, and,
consequently, gives almost the same results as Timoshenko-type theory if w 2 :s; hlR o.

4. We shall discuss now from a more general point of view the possibility ofapproxima­
tion of a wave-type solution of the equations of the theory ofelasticity ("A") by a wave-type
solution of approximate equations of shell-theory ("B"), assuming that problems are
considered, which might be formulated in the approximate theory being investigated. For
example, discussing Timoshenko-type theory, the problems, in which the input is in self­
equilibrium in cross section, must be excluded.

Since "A" is a system of elementary waves, the number of which grows rapidly in the
course of time and most of whose fronts are not normal to the middle-plane, but "B" is an
ensemble of a small number of waves, the distribution of which in the thickness of the shell
is prescribed by a certain type of slowly-varying continuous functions and whose fronts are
normal to the middle-plane, then during the whole process in all space~time regions a valid
approximation of "A" by "B" for displacements and their derivatives up to the nth order is
possible under the condition that the nth order derivatives in "A" are continuous and
slowly varying through the thickness of the shell. This condition can be replaced by restric­
tion that nth order derivatives in "A" are Lipschitz continuous functions of time rand
coordinates ~, YJ along the middle-plane, since then they are also Lipschitz continuous
functions of the normal coordinate ,. Thus, for the purpose pointed out above, it is necessary
that the nth order derivatives of displacements with respect r, ~, YJ must be continuous and
the (n + l)th order derivatives ofdisplacements must be limited in some sense dependent on
approximate theory being investigated. In shells having smooth* middle-plane these con­
ditions are satisfied at any finite r, if the initial waves satisfy them before their first reflections
from the lateral surfaces, i.e. nth order derivatives of displacements with respect r, ~, YJ must
be continuous and (n + l)th order derivatives of displacements must be in some sense
limited in the region where the input takes place.

In the main body of the paper we limited ourselves through (23) to the investigation of
the case n 1 for axially-symmetric and plane problems. Having limited the n+ 1 = 2
order derivatives with respect to r and ~ in the input region by conditions (31) and (33)
we established on the basis of numerical results that a good approximation ofdisplacements
and their n = 1order derivatives is obtained during the whole process by Timoshenko-type
theory. The discussion given here leads to the opinion that this conclusion holds also for
arbitrary n, if instead of (25) and (32) we define A(r) and r(e) by formulae

I
an+ I '

a~n+ I G(~) I
r(~) = , :in I

maxi ;;;n G(e)1
'" lo",~",~o

* See conditions (9)-(11) for axisymmetric and plane problems.
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To obtain good approximations for displacements and their derivatives up to the
nth order during the time interval 0 ~ i ~ io by Timoshenko-type theory in problems,
in which the process is dependent on time and on all three space coordinates, (n + l)th
order derivatives of displacements with respect to i, e, 1'/ in the input region must evidently
be restricted in a similar sense.
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APPENDIX 1

Numerical results, illustrating axially symmetric stress waves in cylindrical
(R I = 00, R2 = Ro = const, 1'= 0·3, ko = yI(t) caused by an end loading at ¢
presented for

Example A:

shells
o are

1
0'11(0, (; r) = --H(r),

I-v

where H denotes Heaviside unit function, and for
Example B:

\1'(0, C r) = 0,

O'u(O,';r) = __1_[H(rl-H(r-8/ko)],
1 l'

w(O, (; r) = O.

In Fig. 5, in two instants the longitudinal cross section of the disturbed part of the shell with
the grid used in computations by method 5 is shown. In example A in hatched region of
Fig. 5

1-21' r-koe
u = ----H(r-ko¢},

1- 1'2 ko
w =0.
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FIG. 5. Example A: longitudinal cross section with grid used in computations by method 5.

Figures 6 and 7 illustrate the results obtained for (T 11((, 0; r) in Examples A and B with
Ro/h = lOon the basis of the theory of elasticity by discrete meshes method 5 with a grid
I~ = I, = /0' If = ko/20 (thick line) and on the basis of Timoshenko-type theory by discrete
meshes method 13 with a grid I~ = /0' It = ko/20 (thin line).
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0""

OJ,
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0
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- 0 5
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-I 0
- 10

-15
-I 5

FIG. 6. Examples A and B: thick
line---theory of elasticity. thin line-­

Timoshenko-type theory.

FIG. 7. Examples A and B: thick line- -theory of elasticity. thin
line--Timoshenko-type theory.
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In Fig. 8 the results obtained by several approximate theories are compared iI~

Example C:

Til = - Her), Mil =0, w=o

At small values of r max W'" max Uh/Ro. But note, that already at r = 50A max W
for a shell Ro/h = 100 is only about three times less than max W for a shell Ro/h = 10.

w u
w u w U

0·6 '·6
0·7 T ='2jf
0·6 T=a.fi 12 12 15
0·5
0-4 06
03
0·2 0·5
0·1

8 12

~ ~ w u e
w 1
10 2

3
4

---
T =50jf 18

U

10 12 14 16 16 20 22 24 26 28 30 32 34 35 38 40 42 44

~

FIG.l;' Example C: I-Timoshenko-type theory, 2-membrane theory, 3-membrane theory+quasi-
stalic boundary effects, 4·----elementary theory of rods.

APPENDIX 2

Numerical results, illustrating plane bending waves III plate (R I = 00, R 2 ::tJ,

V = 0,3) caused by an end loading in
Example 0:

0"11(0, (; r) = _LH(r),
I-v

w(O, (; r) = 0

are presented.
In Figs. 9 and 10 the results obtained on the basis of the theory of elasticity by discrete

meshes method 5 with a grid (see Fig. 5) l~ = It = -{g, It = ko/38; on the basis ofTimoshenko­
type theory by discrete meshes method 13 with a grid I~ = lo, It = ko/20; and by exact
formulae of the elementary bending theory are presented. In Fig. II the results obtained by
saddle point method 8 and discrete meshes method 13 are compared.
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FIG, 9, Example D: 1- theory of elasticity. 2
Timoshenko-type theory. 3---elementary bend­
ing theory: <1L = ITIl(~' I, r). ti' = tI(~, 1: rl,

Wo = w(~. 0: 0),

FIG, 10, Example D: I --theory of elasticity. 2 -Timoshcnko-Iype
theory, 3-~lementary bending theory: IT'I i ITII(~' I: r). ti' =

u(~. I: d. 11'0 = w(~. 0: r),



Three-dimensional and two-dimensional analysis of transient stress waves in shells and plates 627

10 r\
08

0·6

0-4

02

0

-02

- 04

-06
1---

2---

FIG. II. Example 0: results on the basis of Timoshenko-type theory;
l-by saddle point method 8, 2-by discrete meshes method 13.
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A6cTpa"T~B paMKax J1IiHeliHoll TeOp1111 ynpyrocTI1 I1cCJle.uYIOTclI HcycTaHoBI1Bwl1CClI BOJlHbl Hanpll)KCHl1l1
B 060JlO'lKaX BpaWCHl1l1 11 nJlaCHIHKax, BbIJBaHHblC BBCnCHI1CM npl1Jlo)KcHHoll Harpy1KI1, BbIHY)K,UCHHbIX
ncpCMelllCHI1W I1JlI1 BbIHY)K)1CHHbIX CKOpOCTCii. 3TO BBCnCHI1C ncilcTBycT I1JlI1 nOBbiwaCTClI no CBoero
MaKCI1MaJlbHOrO 1Ha'lCHI111 B KOpOTKOM I1HTCpBaJlC BpCMCHI1. npCnCTaBJllllOTClI PC1YJlbTaTbl, KaCalOllll1CClI
npCnCJlOB 3Ha'leH1111 npocTpaHcTBa 11 BpCMCHI1, 3<flcjlcKTI1BHOrO I1CnOJlb30BaHI111 np116JlI1)KeHHbIX MCTonOB
HHTerpl1pOBaHl1l1 ypaBHcHI1H TCOpl111 ynpyrocTIf, a )laJlce npl16Jll1JKeH HblC ypaBHeH 1111 11 MeTOnbl I1X I1HTCrpl1p­
OBaHl1l1.


